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Abstract:
Let Bl,m(n) denote the number of (l,m)-regular bipartitions of n. Recently, many authors proved
several infinite families of congruences modulo 3, 5 and 11 for Bl,m(n). In this paper, using theta
function identities to prove infinite families of congruences modulo m for (l,m)-regular bipartitions,
where m ∈ {7, 3, 11, 13, 17}.
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1 Introduction
For a positive integer ℓ, a partition is said to be ℓ-regular if none of its parts is divisible by ℓ. If
bℓ(n) denote the number of ℓ-regular partitions of n, then the generating function for bℓ(n), is given
by (see [3])
∞∑
n=0
bℓ(n)q
n =
fℓ
f1
. (1.1)
where as customary, we define
fk := (q
k; qk)∞ =
∞∏
m=1
(1 − qmk).
In recent years, many authors studied arithmetic properties of ℓ-regular partitions [5, 6, 7, 8, 10, 11,
12, 15, 20, 23, 24, 21, 26].
Recall that, for a positive integers l > 1 and m > 1, a bipartition (λ, µ) of n is a pair of partitions
(λ, µ) such that the sum of all the parts equals n. A (l,m)-regular bipartition of n is a bipartition
(λ, µ) of n such that λ is a l-regular partition and µ is a m-regular partition. If Bl,m(n) denote the
number of (l,m)-regular bipartitions of n, then the generating function Bl,m(n), is given by (see
[16])
∞∑
n=0
Bl,m(n)q
n =
flfm
f21
. (1.2)
In [9], Dou proved that, for n ≥ 0 and α ≥ 2,
B3,11
(
3αn+
5 · 3α−1 − 1
2
)
≡ 0 (mod 11).
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2The reader may refer to [14, 16, 17, 19] for related works. Recently, Adiaga and Ranganatha [1]
proved infinite families of congruences modulo 3 for B3,7(n). More recently, Xia and Yao [25] proved
several infinite families of congruences modulo 3 for B3,s(n), modulo 5 for B5,s(n) and modulo 7 for
B3,7(n). For example, let s be a positive integer and let p ≥ 5 be a prime, for n ≥ 0,
B3,s
(
p2α+1n+
(1 + s)(p2α+2 − 1)
24
)
≡ 0 (mod 3).
The aim of this paper is to prove several infinite families of congruences modulo 7 for B3,7(n),
modulo 3 for B9,5(n), modulo 11 for B5,11(n), modulo 13 for B5,13(n) and modulo 17 for B81,17(n).
The main results of this paper are as follows,
Theorem 1.1. For all n ≥ 0 and m ≥ 0,
B3,7
(
47mn+
47m − 1
3
)
≡ 3mB3,7(n) (mod 7), (1.3)
B3,7
(
47m+7n+
10 · 47m+6 − 1
3
)
≡ 0 (mod 7). (1.4)
Theorem 1.2. For all n ≥ 0 and m ≥ 0,
B9,5
(
54mn+
54m − 1
2
)
≡ 2mB9,5(n) (mod 3), (1.5)
B9,5
(
54m+4n+
(2k + 1) · 54m+3 − 1
2
)
≡ 0 (mod 3), where k ∈ {4, 5}. (1.6)
Theorem 1.3. For all n ≥ 0 and m ≥ 0,
B5,11
(
512mn+
7 · 512m − 7
12
)
≡ 2mB5,11(n) (mod 11). (1.7)
B5,11
(
512m+12 +
(12k + 11) · 512m+11 − 7
12
)
≡ 0 (mod 11), where k ∈ {4, 5}. (1.8)
Theorem 1.4. For all n ≥ 0 and m ≥ 0,
B5,13
(
56mn+
2 · 56m − 2
3
)
≡ 8mB5,13(n) (mod 13). (1.9)
B5,13
(
56m+6n+
(3k + 1) · 56m+5 − 2
3
)
≡ 0 (mod 13), where k ∈ {1, 5}. (1.10)
Theorem 1.5. For all n ≥ 0 and m ≥ 0,
B81,17
(
81 · 49mn+ 81(2 · 4
8m − 2)
3
+ 50
)
≡ 0, (mod 17) (1.11)
B81,17
(
81 · 49mn+ 81(2 · 4
9m − 2)
3
+ 50
)
≡ 8mB81,17(81n+ 50), (mod 17) (1.12)
B81,17
(
162 · 48mn+ 81(5 · 4
8m − 2)
3
+ 50
)
≡ 5mB81,17(162n+ 131). (mod 17) (1.13)
Theorem 1.6. For all n ≥ 0,
B2,8(8(11n+ k) + 7) ≡ 0 (mod 11), where 1 ≤ k ≤ 10. (1.14)
The paper is organized as follows. In section 2, we state some preliminary results. The proof of
the theorems are carried out in sections 3 - 8.
32 Preliminaries
In this section, we collect some dissection formulas which are useful to prove our main results.
For | ab |< 1, Ramanujan’s general theta function f(a, b) is defined as
f(a, b) =
∞∑
n=−∞
an(n+1)/2bn(n−1)/2. (2.1)
Using Jacobi’s triple product identity [4, Entry 19, p. 35] in (2.10),
f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞. (2.2)
The most important three special cases of f(a, b) are
ϕ(q) := f(q, q) = 1 + 2
∞∑
n=1
qn
2
= (−q; q2)2
∞
(q2; q2)∞ =
f52
f21 f
2
4
, (2.3)
ψ(q) := f(q; q3) =
∞∑
n=0
qn(n+1)/2 =
(q2; q2)∞
(q; q2)∞
=
f22
f1
, (2.4)
and
f(−q) := f(−q,−q2) =
∞∑
n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞ = f1. (2.5)
where the product representations (2.11) is Euler’s famous pentagonal theorem [2].
By the binomial theorem for any prime p,
fp ≡ fp1 (mod p). (2.6)
Lemma 2.1. [13, Eqs. (8.4.1), (8.4.2) and (8.4.4)] If S := R(q5) :=
(q5; q25)∞(q
20; q25)∞
(q10; q25)∞(q15; q25)∞
, than
f1 = f25
(
1
S
− q − q2S
)
, (2.7)
f65
f625
=
(
1
S5
− 11q5 − q10S5
)
(2.8)
and
1
f1
=
f525
f65
(
q8S4 − q7S3 + 2q6S2 − 3q5S + 5q4 + 3q
3
S
+
2q2
S2
+
q
S3
+
1
S4
)
(2.9)
Lemma 2.2. In [4, p.40], we have
1
f21
=
f58
f52 f
2
16
+ 2q
f24f
2
16
f52f8
, (2.10)
1
f41
=
f144
f142 f
4
8
+ 4q
f24 f
4
8
f102
(2.11)
f41 =
f104
f22 f
4
8
− 4q f
2
2 f
4
8
f24
. (2.12)
4Lemma 2.3. In [18, Lemma 2], we have
f3
f31
=
f64 f
3
6
f92 f
2
12
+ 3q
f24f6f
2
12
f72
(2.13)
f31
f3
=
f34
f12
− 3q f
2
2 f
3
12
f4f
2
6
(2.14)
Lemma 2.4. In [18, Lemma 3], we have
f1f3 =
f2f
2
8 f
4
12
f24 f6f
2
24
− q f
4
4 f6f
2
24
f2f
2
8 f
2
12
(2.15)
Lemma 2.5. In [22], we have
f23
f21
=
f6f
2
12f
4
4
f52 f8f24
+ 2q
f26f8f24f4
f42 f12
(2.16)
3 Congruence for (3, 7)-regular bipartition
In order to prove Theorem 1.1, we need some basic results which we shell develop below. The proof,
will then follow as a consequence of these argnments.
Lemma 3.1. For all n ≥ 0 and m ≥ 0, we have
B3,7
(
4mn+
4m − 1
3
)
≡ EmB3,7(4n+ 1) + emB3,7(n) (3.1)
where
Em =
√
14
28
(
3 +
√
14
)m
−
√
14
28
(3−
√
14)m
and
em =
(
1
2
− 3
2
√
14
)
(3 +
√
14)m +
(
1
2
+
3
2
√
14
)
(3 −
√
14)m.
Proof. Setting l = 3,m = 7 in (1.2), we have
∞∑
n=0
B3,7(n)q
n =
f3f7
f21
. (3.2)
From (2.6) and (3.2), we have
∞∑
n=0
B3,7(n)q
n ≡ f51f3 (mod 7). (3.3)
Substituting (2.12) and (2.15) into (3.3), we have
∞∑
n=0
B3,7(n)q
n ≡
(
f104
f22 f
4
8
− 4q f
2
2f
4
8
f24
)(
f2f
2
8 f
4
12
f24 f6f
2
24
− q f
4
4 f6f
2
24
f2f
2
8 f
2
12
)
≡ f
8
4f
4
12
f2f6f
2
8 f
2
24
+ 3q
f32f
6
8 f
4
12
f44 f6f
2
24
+ 6q
f144 f6f
2
24
f32 f
6
8 f
2
12
+ 4q2
f2f
2
4 f6f
2
8 f
2
24
f212
(3.4)
5If we extract those terms in which the power of q is congruent to 1 modulo 2, divide by q and replace
q2 by q, we have
∞∑
n=0
B3,7(2n+ 1)q
n ≡ 3 f
3
1 f
6
4 f
4
6
f42 f3f
2
12
+ 6
f142 f3f
2
12
f31f
6
4 f
2
6
(3.5)
Substituting (2.13) and (2.14) into (3.5), we have
∞∑
n=0
B3,7(2n+ 1)q
n ≡ 3 f
6
4 f
4
6
f42 f
2
12
(
f34
f12
− 3q f
2
2 f
3
12
f4f
2
6
)
+ 6
f142 f
2
12
f64 f
2
6
(
f64 f
3
6
f92 f
2
12
+ 3q
f24f6f
2
12
f72
)
,
≡ 6f52f6 + 3
f94 f
4
6
f42 f
3
12
+ 5q
f54f
2
6 f12
f22
+ 4q
f72f
4
12
f44 f6
. (3.6)
If we extract those terms in which the power of q is congruent to 0 modulo 2, replace q2 by q, we
have
∞∑
n=0
B3,7(4n+ 1)q
n ≡ 6f51f3 + 3
f92 f
4
3
f41 f
3
6
. (3.7)
Substituting (2.12), (2.15) and (2.16) into (3.7), we have
∞∑
n=0
B3,7(4n+ 1)q
n ≡ 6
(
f104
f22f
4
8
− 4q f
2
2f
4
8
f24
)(
f2f
2
8f
4
12
f24 f6f
2
24
− q f
4
4 f6f
2
24
f2f
2
8 f
2
12
)
+ 3
f92
f36
(
f6f
2
12f
4
4
f52 f8f24
+ 2q
f26 f8f24f4
f42 f12
)2
≡ 2 f
8
4 f
4
12
f2f6f
2
8 f
2
24
+ 5qf54f12 + 4q
f32 f
6
8 f
4
12
f44 f6f
2
24
+ q
f144 f6f
2
24
f32 f
6
8 f
2
12
+ q2
f2f
2
4 f6f
2
8 f
2
24
f212
(3.8)
If we extract those terms in which the power of q is congruent to 1 modulo 2, divide by q and replace
q2 by q, we have
∞∑
n=0
B3,7(8n+ 5)q
n ≡ 5f52f6 + 4
f31 f
6
4 f
4
6
f42 f3f
2
12
+
f142 f3f
2
12
f31 f
6
4 f
2
6
. (3.9)
Substituting (2.13) and (2.14) into (3.8), we have
∞∑
n=0
B3,7(8n+ 5)q
n ≡ 5f52f6 + 4
f64 f
4
6
f42 f
2
12
(
f34
f12
− 3q f
2
2f
3
12
f4f
2
6
)
+
f142 f
2
12
f64 f
2
6
(
f64f
3
6
f92 f
2
12
+ 3q
f24f6f
2
12
f72
)
,
≡ 6f52f6 + 4
f94 f
4
6
f42 f
3
12
+ 2q
f54f
2
6 f12
f22
+ 3q
f72f
4
12
f44f6
. (3.10)
If we extract those terms in which the power of q is congruent to 0 modulo 2, replace q2 by q, we
have
∞∑
n=0
B3,7(16n+ 5)q
n ≡ 6f51f3 + 4
f92 f
4
3
f41 f
3
6
. (3.11)
From (3.3), (3.7) and (3.11), we have
B3,7(16n+ 5) ≡ 5B3,7(n) + 6B3,7(4n+ 1). (3.12)
6Which is true if m = 1. Now, we prove by induction on k in (3.1). Assume that Lemma 3.1 is true
for k = m− 1 and k = m,
B3,7
(
4m−1n+
4m−1 − 1
3
)
≡ Em−1B3,7(4n+ 1) + em−1B3,7(n), (3.13)
and
B3,7
(
4mn+
4m − 1
3
)
≡ EmB3,7(4n+ 1) + emB3,7(n). (3.14)
Now, we will show that k = m+ 1 is true. Replacing n = 4m−1 +
4m−1 − 1
3
in (3.12), we have
B3,7
(
4m+1n+
4m+1 − 1
3
)
≡ 6B3,7
(
4mn+
4m − 1
3
)
+ 5B3,7
(
4m−1n+
4m−1 − 1
3
)
. (3.15)
we can easily check that
Em+1 = 6Em + 5Em−1 (3.16)
and
em+1 = 6em + 5em−1 (3.17)
From equation (3.13), (3.14), (3.15), (3.16) and (3.17), we have
B3,7
(
4m+1n+
4m+1 − 1
3
)
≡ 6(EmB3,7(4n+ 1) + emB3,7(n))
+ 5(Em−1B3,7(4n+ 1) + em−1B3,7(n)),
≡ (6Em + 5Em−1)B3,7(4n+ 1) + (6em + 5em−1)B3,7(n),
≡ Em+1B3,7(4n+ 1) + em+1B3,7(n). (3.18)
Therefore the Lemma 3.1 is true by induction of (3.1).
Proposition 1. For all n ≥ 0,
B3,7
(
47n+
10 · 46 − 1
3
)
≡ 0 (mod 7), (3.19)
B3,7
(
47n+
47 − 1
3
)
≡ 3B3,7(n) (mod 7). (3.20)
Proof. From Lemma 3.1, put m = 6, we find that, E6 ≡ 2 (mod 7) and e6 ≡ 2 (mod 7),
∞∑
n=0
B3,7
(
46n+
46 − 1
3
)
qn ≡ 6f
9
2f
4
3
f41 f
3
6
. (3.21)
Substituting (2.16) into (3.21), we have
∞∑
n=0
B3,7
(
46n+
46 − 1
3
)
qn ≡ 6f
9
2
f36
(
f6f
2
12f
4
4
f52 f8f24
+ 2q
f26f8f24f4
f42 f12
)2
,
≡ 6 f
8
4f
4
12
f2f6f
2
8f
2
24
+ 3qf54f12 + 3q
2 f2f
2
4 f6f
2
8 f
2
24
f212
. (3.22)
7If we extract those terms in which the power of q is congruent to 1 modulo 2, divide by q and replace
q2 by q, we have
∞∑
n=0
B3,7
(
2 · 46n+ 4
7 − 1
3
)
qn ≡ 3f52f6 (3.23)
This completes the proof of equation (3.19) and (3.20) follow from (3.23).
Proof of Theorem 1.1. Equation (1.3) follow from (3.20) by mathematical induction. Empolying
(3.19) in (1.3), we obtain (1.4).
4 Congruence for (9, 5)-regular bipartition
In this section we will prove Theorem 1.2, we need the result.
Proposition 2. For n ≥ 0, we have
B9,5
(
54n+
54 − 1
2
)
≡ 2B9,5(n) (mod 3), (4.1)
B9,5
(
54n+
(2k + 1) · 53 − 1
2
)
≡ 0 (mod 3), where k ∈ {4, 5}. (4.2)
Proof. Setting l = 9,m = 5 in (1.2), we have
∞∑
n=0
B9,5(n)q
n =
f9f5
f21
. (4.3)
From (2.6) and (4.3), we have
∞∑
n=0
B9,5(n)q
n ≡ f71f5 (mod 3). (4.4)
Substituting (2.7) into (4.4), we have
∞∑
n=0
B9,5(n)q
n ≡ f5f725
(
1
S
− q − q2S
)7
,
≡ f5f725
(
1
S7
+
2q
S6
+
2q2
S5
+
q3
S4
+
2q4
S3
+
2q5
S2
+
2q6
S
+ q7 + Sq8 + 2S2q9
+ S3q10 + S4q11 + S5q12 + 2S6q13 + 2S7q14
)
. (4.5)
If we extract those terms in which the power of q is congruent to 2 modulo 5, divide by q2, we have
∞∑
n=0
B9,5(5n+ 2)q
5n ≡ f5f725
(
2
(
1
S5
− 11q5 − q10S5
)
+ 2q5
)
. (4.6)
Substituting (2.8) into (4.6), we have
∞∑
n=0
B9,5(5n+ 2)q
5n ≡ f5f725
(
2
f65
f625
+ 2q5
)
≡ 2f75f25 + 2f5f725q5. (4.7)
8The above equation q5 replace by q, we have
∞∑
n=0
B9,5(5n+ 2)q
n ≡ 2f71f5 + 2f1f75 q. (4.8)
Substituting (2.7) into (4.8), we have
∞∑
n=0
B9,5(5n+ 2)q
n ≡ 2f5f725
(
1
S7
+
2q
S6
+
2q2
S5
+
q3
S4
+
2q4
S3
+
2q5
S2
+
2q6
S
+ q7 + Sq8 + 2S2q9 + S3q10
+ S4q11 + S5q12 + 2S6q13 + 2S7q14
)
+ 2f75f25
(
1
S
− q − q2S
)
q. (4.9)
If we extract those terms in which the power of q is congruent to 2 modulo 5, divide by q2, we have
∞∑
n=0
B9,5(25n+ 12)q
5n ≡ 2f5f725
(
2
(
1
S5
− 11q5 − q10S5
)
+ 2q5
)
+ f75 f25. (4.10)
Substituting (2.8) into (4.10), we have
∞∑
n=0
B9,5(25n+ 12)q
5n ≡ 2f5f725
(
2
f65
f625
+ 2q5
)
+ f75 f25
≡ 2f75f25 + f5f725q5. (4.11)
The above equation q5 replace by q, we have
∞∑
n=0
B9,5(25n+ 12)q
n ≡ 2f71 f5 + f1f75 q. (4.12)
Substituting (2.7) into (4.12), we have
∞∑
n=0
B9,5(25n+ 12)q
n ≡ 2f5f725
(
1
S7
+
2q
S6
+
2q2
S5
+
q3
S4
+
2q4
S3
+
2q5
S2
+
2q6
S
+ q7 + Sq8 + 2S2q9
+ S3q10 + S4q11 + S5q12 + 2S6q13 + 2S7q14
)
+ f75 f25
(
1
S
− q − q2S
)
q.
If we extract those terms in which the power of q is congruent to 2 modulo 5, divide by q2, we have
∞∑
n=0
B9,5(125n+ 62)q
5n ≡ 2f5f725
(
2
(
1
S5
− 11q5 − q10S5
)
+ 2q5
)
+ 2f75f25. (4.13)
Substituting (2.8) into (4.13), we have
∞∑
n=0
B9,5(125n+ 62)q
5n ≡ 2f5f725
(
2
f65
f625
+ 2q5
)
+ 2f75f25,
≡ f5f725q5. (4.14)
9The above equation q5 replace by q, we have
∞∑
n=0
B9,5(125n+ 62)q
n ≡ f1f75 q. (4.15)
Substituting (2.7) into (4.15), we have
∞∑
n=0
B9,5(125n+ 62)q
n ≡ f75 f25
(
1
S
− q − q2S
)
q. (4.16)
The equation (4.1) and (4.2) are follow from (4.16).
Proof of Theorem 1.2 From (4.1) using mathematical induction we have (1.5) and employing
(4.2) in (1.5), we arrive at the congruence (1.6).
5 Congruence for (5, 11)-regular bipartition
Now we will prove Theorem 1.3, we have some results
Lemma 5.1. For all n ≥ 0 and m ≥ 0,
B5,11
(
52mn+
7 · 52m − 7
12
)
≡ AmB5,11(52n+ 14) + amB5,11(n) (mod 11), (5.1)
where
Am =
√
29
29
(
1 +
√
29
2
)m
−
√
29
29
(
1−√29
2
)m
and
am =
(
1
2
−
√
29
58
)(
1 +
√
29
2
)m
+
(
1
2
+
√
29
58
)(
1−√28
2
)m
.
Proof. Setting l = 5 and m = 11 in (1.2), we have
∞∑
n=0
B5,11(n)q
n ≡ f5f91 (mod 11). (5.2)
Substituting (2.7) into (5.2), we have
∞∑
n=0
B5,11(n)q
n ≡ f5f925
(
2q9 + 9q4
(
1
S5
− 11q5 − q10S5
)
+ 10q18S9 + 2q17S8 + 6q16S7 + 10q15S6
+ 5q13S4 + 6q12S3 + 9q11S2 + 7q10S +
4q8
S
+
9q7
S2
+
5q6
S3
+
5q5
S4
+
10q3
S6
+
5q2
S7
+
2q
S8
+
1
S9
)
,
≡ f5f925
(
2q9 + 9q4
(
f65
f625
)
+ 10q18S9 + 2q17S8 + 6q16S7 + 10q15S6 + 5q13S4 + 6q12S3
+ 9q11S2 + 7q10S +
4q8
S
+
9q7
S2
+
5q6
S3
+
5q5
S4
+
10q3
S6
+
5q2
S7
+
2q
S8
+
1
S9
)
.
10
If we extract those terms in which the power of q is congruent to 4 modulo 5, divide by q4 and
replace q5 by q, we have
∞∑
n=0
B5,11(5n+ 4)q
n ≡ 9f71 f35 + 2f1f95 q. (5.3)
Substituting (2.7) into (5.3), we have
∞∑
n=0
B5,11(5n+ 4)q
n ≡ 9f35 f725
(
1
S
− q − q2S
)7
+ 2f95f25
(
1
S
− q − q2S
)
q. (5.4)
If we extract those terms in which the power of q is congruent to 2 modulo 5, divide by q2, we have
∞∑
n=0
B5,11(5
2n+ 14)q5n ≡ 9f35f725
(
4q5 + 3
(
1
S5
− 11q5 − q10S5
))
+ 9f95f25,
≡ 9f35f725
(
4q5 + 3
(
f65
f625
))
+ 9f95f25. (5.5)
The above equation q5 replace by q, we have
∞∑
n=0
B5,11(5
2n+ 14)qn ≡ 3f5f91 + 3f75 f31 q. (5.6)
Substituting (2.7) in (5.6), we have
∞∑
n=0
B5,11
(
52n+ 14
)
qn ≡ 3f5f925
(
1
S
− q − q2S
)9
+ 3f75f
3
25
(
1
S
− q − q2S
)3
q. (5.7)
If we extract those terms in which the power of q is congruent to 4 modulo 5, divide by q4, we have
∞∑
n=0
B5,11
(
53n+ 114
)
q5n ≡ 3f5f925
(
2q5 + 9
(
1
S5
− 11q5 − q10S5
))
+ 4f75f
3
25,
≡ 3f5f925
(
2q5 + 9
(
f65
f625
))
+ 4f75 f
3
25. (5.8)
The above equation q5 replace by q, we have
∞∑
n=0
B5,11
(
53n+ 114
)
qn ≡ 9f71f35 + 6f1f95 q. (5.9)
Substituting (2.7) in (5.9) and extract those terms in which the power of q is congruent to 2 modulo
5, divide by q2 and replace q5 by q, we have
∞∑
n=0
B5,11
(
54n+ 364
)
qn ≡ 10f91f5 + 3f31 f75 q. (5.10)
Now compare the equation (5.10), (5.2) and (5.6), we have
B5,11(5
4n+ 364) ≡ B5,11(52n+ 14) + 7B5,11(n). (5.11)
11
Which is true if m = 1. Now, we prove by induction on k in (5.1). Assume that Lemma 5.1 is true
for k = m− 1 and k = m,
B5,11
(
52(m−1)n+
7 · 52(m−1) − 7
12
)
≡ Am−1B5,11(52n+ 14) + am−1B5,11(n), (5.12)
and
B5,11
(
52mn+
7 · 52m − 7
12
)
≡ AmB5,11(52n+ 14) + amB5,11(n). (5.13)
Now, we will show that k = m+ 1 is true. Replacing n = 52m−2 +
7 · 52m−2 − 7
12
in (5.11), we have
B5,11
(
52m+2n+
7 · 52m+2 − 7
12
)
≡ B5,11
(
52mn+
7 · 52m − 7
12
)
+ 7B5,11
(
52m−2n+
7 · 52m−2 − 7
12
)
. (5.14)
we can easily check that
Am+1 = Am + 7Am−1 (5.15)
and
am+1 = am + 7am−1 (5.16)
From equation (5.12), (5.13), (5.14), (5.15) and (5.16), we have
B5,11
(
52m+2n+
7 · 52m+2 − 7
12
)
≡ AmB5,11(52n+ 14) + amB5,11(n)
+ 7(Am−1B5,11(5
2n+ 14) + am−1B5,11(n)),
≡ (Am + 7Am−1)B5,11(52n+ 14) + (am + 7am−1)B5,11(n),
≡ Am+1B5,11(52n+ 14) + am+1B5,11(n). (5.17)
Therefore the Lemma 5.1 is true by induction of (5.1).
Proposition 3. For all n ≥ 0,
B5,11
(
511(5n+ k) +
11 · 511 − 7
12
)
≡ 0 (mod 11), where k = 4, 5. (5.18)
B5,11
(
512n+
7 · 512 − 7
12
)
≡ 2B5,11(n) (mod 11). (5.19)
Proof. From Lemma 5.1, put m = 5, we find that, A5 ≡ 5 (mod 11) and a5 ≡ 6 (mod 11),
∞∑
n=0
B5,11
(
510n+
7 · 510 − 7
12
)
qn ≡ 10f91f5 + 4f31f75 q. (5.20)
Substituting (2.7) into (5.20), we have
∞∑
n=0
B5,11
(
510n+
7 · 510 − 7
12
)
qn ≡ 10f5f925
(
1
S
− q − q2S
)9
+ 4f75f
3
25
(
1
S
− q − q2S
)3
q.
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If we extract those terms in which the power of q is congruent to 4 modulo 5, divide by q4, we have
∞∑
n=0
B5,11
(
511n+
11 · 511 − 7
12
)
q5n ≡ 10f5f925
(
2q5 + 9
(
1
S5
− 11q5 − q10S5
))
+ 9f75f
3
25,
≡ 10f5f925
(
2q5 + 9
(
f65
f625
))
+ 9f75 f
3
25. (5.21)
The above equation q5 replace by q, we have
∞∑
n=0
B5,11
(
511n+
11 · 511 − 7
12
)
qn ≡ 9f1f95 q. (5.22)
Substituting (2.7) into (5.22), we have
∞∑
n=0
B5,11
(
511n+
11 · 511 − 7
12
)
qn ≡ 9f95 f25
(
1
S
− q − q2S
)
q. (5.23)
This completes the proof of equation (5.18) and (5.19) follow from (5.23).
Proof of Theorem 1.3. Equation (1.7) follow from (5.19) by mathematical induction. Empolying
(5.18) in (1.7), we obtain (1.8).
6 Congruence for (5, 13)-regular bipartition
In this section we prove Theorem 1.4, we shell develop some basic results.
Lemma 6.1. For all n ≥ 0 and m ≥ 0,
B5,13
(
52mn+
2 · 52m − 2
3
)
≡ CmB5,13(52n+ 16) + cmB5,13(n) (mod 13), (6.1)
where
Cm =
√
17
34
(
4 +
√
17
)m
−
√
17
34
(
4−
√
17
)m
(6.2)
and
cm =
(
1
2
− 2
√
17
17
)(
4 +
√
17
)m
+
(
1
2
+
2
√
17
17
)(
4−
√
17
)m
(6.3)
Proof. Setting l = 5 and m = 13 in (1.2), we have
∞∑
n=0
B5,13(n)q
n ≡ f5f111 (mod 13). (6.4)
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Substituting (2.7) in (6.4), we have
∞∑
n=0
B5,13(n)q
n ≡ f5f1125
(
12q22S11 + 2q21S10 + 8q20S9 + 10q19S8 + 6q18S7 + 12q17S6
+ 7q16S5 + 12q14S3 + 4q13S2 + 10q12S + 8q11 +
3q10
S
+
4q9
S2
+
q8
S3
+
6q6
S5
+
12q5
S6
+
7q4
S7
+
10q3
S8
+
5q2
S9
+
2q
S10
+
1
S11
)
,
≡ f5f1125
(
8q11 + 2q
(
1
S5
− 11q5 − q10S5
)2
+ 11q6
(
1
S5
− 11q5 − q10S5
)
+ 12q22S11 + 8q20S9 + 10q19S8 + 6q18S7 + 12q17S6 + 12q14S3 + 4q13S2
+ 10q12S +
3q10
S
+
4q9
S2
+
q8
S3
+
12q5
S6
+
7q4
S7
+
10q3
S8
+
5q2
S9
+
1
S11
)
,
≡ f5f1125
(
8q11 + 2q
(
f65
f625
)2
+ 11q6
(
f65
f625
)
+ 12q22S11 + 8q20S9 + 10q19S8
+ 6q18S7 + 12q17S6 + 12q14S3 + 4q13S2 + 10q12S +
3q10
S
+
4q9
S2
+
q8
S3
+
12q5
S6
+
7q4
S7
+
10q3
S8
+
5q2
S9
+
1
S11
)
. (6.5)
If we extract those terms in which the power of q is congruent to 1 modulo 5, divide by q and replace
q5 by q, we have
∞∑
n=0
B5,13(5n+ 1)q
n ≡ 2f13
f5
+ 11f71f
5
5 q + 8f1f
11
5 q
2. (6.6)
Substituting (2.7) in (6.6), we have
∞∑
n=0
B5,13(5n+ 1)q
n ≡ 2f325
f5
(
1
S1
− q13 − q26S1
)
+ 11f55f
7
25
(
1
S
− q − q2S
)7
q
+ 8f115 f25
(
1
S
− q − q2S
)
q2. (6.7)
If we extract those terms in which the power of q is congruent to 3 modulo 5, divide by q3, we have
∞∑
n=0
B5,13(5
2n+ 16)q5n ≡ 11f325
f5
q10 + 11f55f
7
25
(
8q5 +
(
1
S5
− 11q5 − q10S5
))
+ 5f115 f25,
from which can be written as
∞∑
n=0
B5,13(5
2n+ 16)q5n ≡ 3f115 f25 + 10f55f725q5 + 11
f325
f5
q10.
The above equation q5 replace by q, we have
∞∑
n=0
B5,13(5
2n+ 16)qn ≡ 3f111 f5 + 10f51f75 q + 11
f65
f1
q2. (6.8)
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Substituting (2.7) and (2.9) in (6.8), we have
∞∑
n=0
B5,13
(
52n+ 16
)
qn ≡ 3f5f1125
(
1
S
− q − q2S
)11
+ 10f75f
5
25
(
1
S
− q − q2S
)5
q
+ 11
f65f
5
25
f65
(
q8S4 − q7S3 + 2q6S2 − 3q5S + 5q4
+
3q3
S
+
2q2
S2
+
q
S3
+
1
S4
)
q2. (6.9)
If we extract those terms in which the power of q is congruent to 1 modulo 5, divide by q, we have
∞∑
n=0
B5,13
(
53n+ 41
)
q5n ≡ 3f5f1125
(
8q10 + 2
(
f65
f625
)2
+ 11q5
(
f65
f625
))
+ 10f75f
5
25
(
f65
f625
)
+ 3
f65f
5
25
f65
q5. (6.10)
The above equation q5 replace by q, we have
∞∑
n=0
B5,13
(
53n+ 41
)
qn ≡ 3f13
f5
+ 10f71f
5
5 q + 11f1f
11
5 q
2. (6.11)
Substituting (2.7) in (6.11), we have
∞∑
n=0
B5,13
(
53n+ 41
)
qn ≡ 3f325
f5
(
1
S1
− q13 − q26S1
)
+ 10f55f
7
25
(
1
S
− q − q2S
)7
q
+ 11f115 f25
(
1
S
− q − q2S
)
q2. (6.12)
If we extract those terms in which the power of q is congruent to 3 modulo 5, divide by q3, we have
∞∑
n=0
B5,13
(
54n+ 416
)
q5n ≡ 10f325
f5
q10 + 10f55f
7
25
(
8q5 +
(
f65
f625
))
+ 2f115 f25 (6.13)
The above equation q5 replace by q, we have
∞∑
n=0
B5,13(5
4n+ 416)qn ≡ 12f111 f5 + 2f51f75 q + 10
f65
f1
q2. (6.14)
Now compare the equation (6.14), (6.4) and (6.8), we have.
B5,13(5
4n+ 416) ≡ 8B5,13(52n+ 16) +B5,13(n). (6.15)
Which is true if m = 1. Now, we prove by induction on k in (6.1). Assume that Lemma 6.1 is true
for k = m− 1 and k = m,
B5,13
(
52m−2n+
2 · 52m−2 − 2
3
)
≡ Cm−1B5,13(52n+ 16) + cm−1B5,13(n) (6.16)
15
and
B5,13
(
52mn+
2 · 52m − 2
3
)
≡ CmB5,13(52n+ 16) + cmB5,13(n). (6.17)
Now, we will show that k = m+ 1 is true. Replacing n = 52m−2 +
2 · 52m−2 − 2
3
in (6.15), we have
B5,13
(
52m+2n+
2 · 52m+2 − 2
3
)
≡ 8B5,13
(
52mn+
2 · 52m − 2
3
)
+B5,13
(
52m−2n+
2 · 52m−2 − 2
3
)
. (6.18)
we can easily check that
Cm+1 = 8Cm + Cm−1 (6.19)
and
cm+1 = 8cm + cm−1 (6.20)
From equation (6.16), (6.17), (6.18), (6.19) and (6.20), we have
B5,13
(
52m+2n+
2 · 52m+2 − 2
3
)
≡ 8(CmB5,13(52n+ 16) + cmB5,13(n))
+ Cm−1B5,11(5
2n+ 16) + cm−1B5,11(n),
≡ (8Cm + Cm−1)B5,13(52n+ 16) + (8cm + cm−1)B5,13(n),
≡ Cm+1B5,13(52n+ 16) + cm+1B5,13(n). (6.21)
Therefore the Lemma 6.1 is true by induction of (6.1).
Proposition 4. For all n ≥ 0,
B5,13
(
56n+
(3k + 1) · 55 − 2
3
)
≡ 0 (mod 13), where k = 1, 5. (6.22)
B5,13
(
56n+
2 · 56 − 2
3
)
≡ 8B5,13(n) (mod 13). (6.23)
Proof. From Lemma 3, put m = 2, we find that, C2 ≡ 8 (mod 13) and c2 ≡ 1 (mod 13), Now
substituting (2.7) and (2.9) into (6.14), we have
∞∑
n=0
B5,13(5
4n+ 416)qn ≡ 12f5f1125
(
1
S
− q − q2S
)11
+ 2f75 f
5
25
(
1
S
− q − q2S
)5
q
+ 10
f65f
5
25
f65
(
q8S4 − q7S3 + 2q6S2 − 3q5S + 5q4
+
3q3
S
+
2q2
S2
+
q
S3
+
1
S4
)
q2. (6.24)
If we extract those terms in which the power of q is congruent to 1 modulo 5, divide by q, we have
∞∑
n=0
B5,13(5
5n+ 1041)q5n ≡ 12f5f1125
(
8q10 + 2
(
f65
f625
)2
+ 11q5
(
f65
f625
))
+ 2f75 f
5
25
(
f65
f625
)
+ 11
f65f
5
25
f65
q5 (mod 13). (6.25)
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The above equation q5 replace by q, we have
∞∑
n=0
B5,13(5
5n+ 1041)qn ≡ 5f1f115 q2. (6.26)
Substituting (2.7) into (6.26), we have
∞∑
n=0
B5,13(5
5n+ 1041)qn ≡ 5f115 f25
(
1
S
− q − q2S
)
q2. (6.27)
This completes the proof of equation (6.22) and (6.23), follow from (6.27).
Proof of Theorem 1.4. Equation (1.9) follow from (6.23) by mathematical induction. Employing
(6.22) in (1.9), we obtain (1.10).
7 Congruence for (81, 17)-regular bipartition
In this section we shall develop some results to prove our main Theorem 1.5.
Proposition 5. For n ≥ 0, we have
B81,17(27(3n+ k) + 23) ≡ 0 (mod 17), where k ∈ {2, 3} (7.1)
and
∞∑
n=0
B81,17(81n+ 50)q
n ≡ 5f161 (mod 17). (7.2)
Proof. Setting l = 81,m = 17 in (1.2), we have
∞∑
n=0
B81,17(n)q
n =
f81f17
f21
. (7.3)
From (2.6) and (7.3), we have
∞∑
n=0
B81,17(n)q
n ≡ f81f151 (mod 17). (7.4)
Entry 1(iv) on page 345 of [4] is Ramanujan’s cubic continued fraction
f31 = f
3
9 (u
−1 − 3q + 4q3u2), (7.5)
where
u =
f3f
3
18
f6f
3
9
.
Substituting (7.5) into (7.4), we have
∞∑
n=0
B81,17(n)q
n ≡ f81f159
(
1
u5
+
2q
u4
+
5q2
u3
+
5q3
u2
+
12q4
u
+ 4q5 + 6q6u+ 10q7u2 + 2q8u3 + 9q9u4
+ 2q10u5 + 14q11u6 + 5q12u7 + 2q13u8 + 4q15u10
)
. (7.6)
17
If we extract those terms in which the power of q is congruent to 2 modulo 3, divide by q2 and
replace q3 by q, we have
∞∑
n=0
B81,17(3n+ 2)q
n ≡ f27f153
(
5
v3
+ 4q + 2q2v3 + 14q3v6
)
,
≡ f27f153
(
5
(
1
v
+ 4qv2
)3
+ 12q
)
. (7.7)
Here we have used Entry 1 on page 345 of in [4], namely,
f121
f123
+ 27q = (v−1 + 4qv2)3, (7.8)
where
v :=
f1f
3
6
f2f
3
3
.
Substituting (7.8) into (7.7), we have
∞∑
n=0
B81,17(3n+ 2)q
n ≡ f27f153
(
5
(
f121
f123
+ 27q
)
+ 12q
)
,
≡ 5f121 f27f33 + 11f27f153 q. (7.9)
Substituting (7.5) into (7.9), we have
∞∑
n=0
B81,17(3n+ 2)q
n ≡ 5f129 f27f33
(
1
u4
+
5q
u3
+
3q2
u2
+
10q3
u
+ 5q4 + 7q5u+ 4q6u2 + 2q7u3 + 14q8u4
+ q9u5 + 14q10u6 + q12u8
)
+ 11f27f
15
3 q. (7.10)
If we extract those terms in which the power of q is congruent to 1 modulo 3, divide by q and replace
q3 by q, we have
∞∑
n=0
B81,17(9n+ 5)q
n ≡ 5f123 f9f31
(
5
v3
+ 5q + 2q2v3 + 14q3v6
)
+ 11f9f
15
1 ,
≡ 5f123 f9f31
(
5
(
1
v
+ 4qv2
)3
+ 13q
)
+ 11f9f
15
1 . (7.11)
Substituting (7.8) into (7.11), we have
∞∑
n=0
B81,17(9n+ 5)q
n ≡ 5f123 f9f31
(
5
(
f121
f123
+ 27q
)
+ 13q
)
+ 11f9f
15
1 ,
≡ 2f9f151 + 9f123 f9f31 q. (7.12)
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Substituting (7.5) into (7.12), we have
∞∑
n=0
B81,17(9n+ 5)q
n ≡ 2f169
(
1
u5
+
2q
u4
+
5q2
u3
+
5q3
u2
+
12q4
u
+ 4q5 + 6q6u+ 10q7u2 + 2q8u3 + 9q9u4
+ 2q10u5 + 14q11u6 + 5q12u7 + 2q13u8 + 4q15u10
)
+ 9f123 f
4
9
(
qu−1 − 3q2 + 4q4u2) . (7.13)
If we extract those terms in which the power of q is congruent to 2 modulo 3, divide by q2 and
replace q3 by q, we have
∞∑
n=0
B81,17(27n+ 23)q
n ≡ 2f163
(
5
v3
+ 4q + 2q2v3 + 14q3v6
)
+ 7f121 f
4
3 ,
≡ 2f163
(
5
(
1
v
+ 4qv2
)3
+ 12q
)
+ 7f121 f
4
3 . (7.14)
Substituting (7.8) into (7.14), we have
∞∑
n=0
B81,17(27n+ 23)q
n ≡ 2f163
(
5
(
f121
f123
+ 27q
)
+ 12q
)
+ 7f121 f
4
3 ,
≡ 5f163 q. (7.15)
This completes the proof of equation (7.1) and (7.2), follow from (7.15).
Corollary 1. For n ≥ 0, we have
b17
(
49n+
2(48 − 1)
3
)
≡ 0 (mod 17), (7.16)
b17
(
49n+
2(49 − 1)
3
)
≡ 8f161 (mod 17) (7.17)
and
b17
(
2 · 48 + 5 · 4
8 − 2)
3
)
≡ b17(2n+ 1) (mod 17) (7.18)
Proof. In [21, Lemma 4.1], we have, for all n ≥ 0,
b17
(
4kn+
2(4k − 1)
3
)
≡ D(k)b17(4n+ 2) + d(k)b17(n) (mod 17), (7.19)
where
D(k) =
√
5
10
(
(1 +
√
5)k − (1−
√
5)k
)
,
d(k) =
(
1
2
−
√
5
10
)
(1 +
√
5)k +
(
1
2
+
√
5
10
)
(1 −
√
5)k.
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Put k = 8 in (7.19), we can easily find that C(8) ≡ 2 (mod 17) and c(8) ≡ 13 (mod 17), therefore
b17
(
48n+
2(48 − 1)
3
)
≡ C(8)b17(4n+ 2) + c(8)b17(n),
≡ 2b17(4n+ 2) + 13b17(n). (7.20)
where
∞∑
n=0
b17(n)q
n ≡ f161 (mod 17) (7.21)
and
∞∑
n=0
b17(4n+ 2)q
n ≡ 2f161 + 9q
f242
f81
. (7.22)
Substituting (7.21) and (7.22) into (7.20), we have
∞∑
n=0
b17
(
48n+
2(48 − 1)
3
)
qn ≡ 2
(
2f161 + 9q
f242
f81
)
+ 13f161 ,
≡ q f
24
2
f81
. (7.23)
Substituting (2.12) into (7.23), we have
∞∑
n=0
b17
(
48n+
2(48 − 1)
3
)
qn ≡ qf242
(
f144
f142 f
4
8
+ 4q
f24f
4
8
f102
)2
. (7.24)
From (7.24), we have
∞∑
n=0
b17
(
2 · 48n+ 2(4
8 − 1)
3
)
qn ≡ 8qf162 (7.25)
and
∞∑
n=0
b17
(
48(2n+ 1) +
2(48 − 1)
3
)
qn ≡ f
20
2
f41 f
8
4
+ 16qf41f
4
2 f
8
4 . (7.26)
This completes the proof of equation (7.16), (7.17) and (7.18), follow from (7.25) and (7.26).
Proof of Theorem 1.5. From equation (7.2) and (7.21), we have
B81,17(81n+ 50) ≡ 5b17(n) (7.27)
Now, replacing n = 49mn +
2 · 48m − 2
3
, n = 49mn +
2 · 49m − 2
3
and n = 2 · 48mn+ 5 · 4
8m − 2
3
in
(7.27) and employing with Corollary 1, we have (1.11), (1.12) and (1.13).
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8 Proof of Theorem 1.6.
Setting l = 2 and m = 8 in (1.2), we have
∞∑
n=0
B2,8(n)q
n =
f2f8
f21
. (8.1)
Substituting (2.10) into (8.1), we have
∞∑
n=0
B2,8(n)q
n = f2f8
(
f58
f52 f
2
16
+ 2q
f24f
2
16
f52 f8
)
. (8.2)
If we extract those terms in which the power of q is congruent to 1 modulo 2, divide by q and replace
q2 by q, we have
∞∑
n=0
B2,8(2n+ 1)q
n = 2
f22f
2
8
f41
. (8.3)
Substituting (2.11) into (8.3), we have
∞∑
n=0
B2,8(2n+ 1)q
n = 2f22f
2
8
(
f144
f142 f
4
8
+ 4q
f24 f
4
8
f102
)
. (8.4)
If we extract those terms in which the power of q is congruent to 1 modulo 2, divide by q and replace
q2 by q, we have
∞∑
n=0
B2,8(4n+ 3)q
n = 8
f22f
6
4
f81
. (8.5)
Substituting (2.11) into (8.5), we have
∞∑
n=0
B2,8(4n+ 3)q
n = 8f22f
6
4
(
f144
f142 f
4
8
+ 4q
f24 f
4
8
f102
)2
,
= 8f22f
6
4
(
f284
f282 f
8
8
+ 8q
f164
f242
+ 16q2
f44f
8
8
f202
)
. (8.6)
If we extract those terms in which the power of q is congruent to 1 modulo 2, divide by q and replace
q2 by q, we have
∞∑
n=0
B2,8(8n+ 7)q
n = 64
f222
f221
. (8.7)
From binomial theorem, we have
∞∑
n=0
B2,8(8n+ 7)q
n ≡ 9f
2
22
f211
(mod 11). (8.8)
This completed the proof Theorem 1.6, follow from (8.8).
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